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Abstract Regardless of all kinds of diﬀerent formulae used for the traction-separation relationship
in cohesive zone modeling, the peak traction σm and the separation-to-failure δ0 (or equivalently
the work-to-separation Γ) are the primary parameters which control the interfacial fracture be-
haviors. Experimentally, it is hard to determine those quantities, especially for δ0, which occurs
in a very localized region with possibly complicated geometries by material failure. Based on the
Dugdale model, we show that the separation-to-failure of an interface could be ampliﬁed by a
factor of L/rp in a typical peeling test, where L is the beam length and rp is the cohesive zone
size. Such an ampliﬁer makes δ0 feasible to be probed quantitatively from a simple peeling test.
The method proposed here may be of importance to understanding interfacial fractures of layered
structures, or in some nanoscale mechanical phenomena such as delamination of thin ﬁlms and
coatings. c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1101106]
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Started with the work of Barenblatt[1] and
Dugdale,[2] cohesive interface modelling of fractures has
a history of half century. In recent years, cohesive sur-
face models have been widely used to numerically simu-
late fracture initiation and growth by the ﬁnite-element
method; [3–5] for recent reviews see Refs. [6,7]. An
important characteristic of this methodology for mod-
elling fracture initiation and crack propagation is that
macroscopic fracture criteria based on elastic or elastic-
plastic analyses, such as KIC or JIC, is characterized by
the local traction-separation relation and the cohesive
surface methodology. Propagation of cracks along po-
tential paths will be automatically determined by local
Fig. 1. A typical traction (σ) and separation (δ) relationship
(solid curve) and its corresponding trapezoidal representa-
tion (dotted lines). It is noted that the work-to-separation
Γ is given as Γ = σmδ0.
a)Corresponding author. E-mail: yujie wei@lnm.imech.ac.cn.
deformation status.
Diﬀerent formats of traction-separation laws have
been suggested, including the non-linear reversible
elastic type,[4,8] triangular or trapezoidal model,[9–14]
Viscous-regulated cohesive model,[15–17] Non-elastic,
plastic softening modeling,[5,18] and reversible elastic-
irreversible plastic model.[19–21] Their applications
range from grain-boundary failure in crystalline mate-
rials, delamination in composite materials, to the de-
bonding of adhesive joints. Regardless of all kinds of
diﬀerent formulae used for the traction-separation rela-
tionship in cohesive zone modeling, the peak traction
σm and the separation-to-failure δ0, or equivalently the
work-to-separation Γ, are the primary parameters which
control the interfacial fracture behaviors.[9,10] The de-
tails of traction-separation plays a second role; Fig. 1
shows such a typical traction-separation law, where the
equivalence between δ0 and Γ is also seen. Mechani-
cally, it is desired to obtain those two critical parame-
ters in an interface during relatively simple calibrating
tests so that the properties can be used in simulations
to capture the mechanical response of more complex
loading and/or geometrical conditions. Several exper-
imental techniques have been used to characterize the
interfacial toughness Γ[22] but no experiments are avail-
able for δ0. The diﬃculty to obtain δ0 through exper-
iments is evident: (a) interfacial failure usually occurs
in a very localized region with complicated local struc-
tures due to a broken interface, and it is hard to measure
any quantities there with conﬁdence; (b) δ0 is in general
small and could be in the order of nanometers. Based
on the Dugdale model and beam theories, we show that
the separation-to-failure could be ampliﬁed by a factor
of L/rp in a peeling test, where L is the beam length
and rp is the typical cohesive zone size. Such an am-
pliﬁer makes it feasible to probe δ0 quantitatively from
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Fig. 2. The setup of a peeling test, from which the separation-to-failure for the interface can be ampliﬁed.
simple peeling tests.
We take a thin ﬁlm on a substrate as a demon-
stration, as shown in Fig. 2. Similar structures have
been used to measure the energy release rate of diamond
coatings on tungsten carbide substrate.[23] For interfa-
cial fracture, it is noted that the peak strengths (σm
and τm) and the fracture toughness (Gc) are the most
important parameters.[9,10] The details of the traction-
separation play a second role. Diﬀerent methods have
been developed to obtain the fracture toughness of an
interface. One simple but eﬀective way is to obtain the
crack tip energy release rate G from the compliance of
the specimen as an interfacial crack propagates, by ap-
plying the classical result
G =
F 2
2
∂c
∂a
, (1)
where F is the applied load, c is the compliance of the
structure, and a is the crack length. The energy release
rate computed in this way can be taken to be equal to
the eﬀective toughness of the material. For the conﬁg-
uration in Fig. 2, it is easy to show that, in the quasi-
static condition, the theoretical energy release rate per
unit area is
G =
F 2
2B
L2
EI
, (2)
where B is the width of the beam, E is the Young’s
modulus of the coating, and I is the inertia moment
of the beam. For a rectangular beam, I=Bh3/12. The
critical condition for crack propagation isG = Gc. With
G, we could hence obtain σmδ0 for a Dugdale cohesive
zone.[24,25] Next, we show how δ0 is ampliﬁed by the
presence of the cohesive zone.
With the Dugdale cohesive zone, the deﬂection of
a beam shown in Fig. 3(a) will be inﬂuenced via the
change in boundary conditions. As seen in Fig. 3(b),
there could be some deﬂection in the cohesive zone even
though there is no apparent failure in that region. The
possible traction applied to the beam in this circum-
stance, is given in Fig. 3(c).Now the cantilever beam
may have prescribed loading and boundary conditions
shown in Fig. 3(d). In this case, we express the dis-
tributed load q(x) in the beam as
q(x) = M0〈x〉−2 +R0〈x〉−1 + σm〈x〉0
− σm〈x− rp〉0 − F 〈x− L− rp〉−1, (3)
where 〈x− a〉 are singularity functions. The deﬁnition
of such singularity functions is following: (I)〈x− a〉−2 =
0 if x = a, 〈x− a〉−2 = ±∞ at x = a, and ∫ 〈x− a〉−2 =
〈x− a〉−1; (II)〈x− a〉−1 = 0 if x = a, 〈x− a〉−1 = +∞
at x = a, and
∫ 〈x− a〉−1 = 〈x− a〉0; (III) 〈x− a〉0 = 0
if x < a, 〈x− a〉0 = 1 for x ≥ a, and ∫ 〈x− a〉0 =
〈x− a〉1; (IV) 〈x− a〉0 = 0 if x < a, 〈x− a〉1 = x − a
for x ≥ a, and ∫ 〈x− a〉1 = 〈x− a〉2 /2. Integrating
Eq. (3) from 0 to L+ rp, we readily obtain shear force
V (x) = M0〈x〉−1 +R0〈x〉0 + σm〈x〉1
− σm〈x− rp〉1 − F 〈x− L− rp〉0 (4a)
and moment along the beam
M(x) = M0 〈x〉0 +R0 〈x〉1 + σm 〈x〉2 /2
− σm 〈x− rp〉2 /2− F 〈x− L− rp〉1 . (4b)
For a location with x slightly beyond L + rp,there
should be no shear force or moment. Hence it is conve-
nient to yield the shear force
R0 = F − σm rp (5a)
and the bending moment
M0 = −F (L+ rp)− σm r2p/2 (5b)
at x=0. Relating the beam deﬂection to moment by
EI
d2y
dx2
= M(x) (6)
we get the beam deﬂection.
EI y(x) =
M0 〈x〉2
2
+
R0 〈x〉3
6
+
σm 〈x〉4
24
− σm 〈x− rp〉
4
24
− F 〈x− L− rp〉
6
3
+ c1x+ c0
(7)
Applying the two boundary conditions
EI y|x=0 = 0 and EI y|x=rp = −δ0 (8)
we obtain
c0 = 0 and c1 = −EIδ0
rp
− M0rp
2
− R0r
2
p
6
+
σmr
3
p
24
.
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Fig. 3. The illustration to show beam deﬂection inﬂuenced
by Dugdale cohesive zone. (a) The setup a peeling test; (b)
interfacial separation/penetration (deﬂection of the ideal-
ized beam represented by the dashed line); (c) schematic of
interfacial stress due to the separation/penetration of two
surfaces; (d) constructed beam loading based on (a), (b)
and (c). It is noted that the beam is assumed to be sim-
ply supported at x=0 since there is no interfacial separa-
tion/penetration there. The beam deﬂection at rp is given
as δ0 — the separation-to-failure. M0 and R0 are the mo-
ment and shear force at x=0, which are to be determined.
Neglecting higher order terms for rp since L >> rp, we
obtain the deﬂection at the beam tip
y(L+ rp) = −FL
3
3EI
− L
rp
δ 0. (9)
Here the ﬁrst term is the standard part from a
clamped beam, and the second term comes from the
contribution by the Dugdale zone. The separation-to-
failure of the interface is ampliﬁed by the factor L/rp.
We note that Eq. (9) is valid only when the cohesive
zone is fully developed, i.e. the crack front reaches the
critical condition to fail, which is implied in the bound-
ary condition in Eq. (8). Such an ampliﬁer makes δ0
feasible to be probed quantitatively from a simple peel-
ing test. Next, we will use ﬁnite element simulation to
validate the assumptions made in Fig. 3 and the load-
deﬂection relationship given in Eq. (9).
We simulated the beam deﬂection problem using the
geometries given in Fig. 4. Both the substrate and the
ﬁlm coating was assumed to deform elastically with the
same Young’s moduli E=200 GPa and Poisson’s ratio
ν=0.3. The typical element size in the simulation was
about one tenth of the beam thickness, and those nearby
the crack tip were about one ﬁftieth of the beam thick-
ness. An abaqus [26] user interface subroutine was used
to simulate the interfacial response. For the details of
the model, the reader is referred to Wei and Anand.[19]
Before jumping to the simulation results, we ﬁrst
give an estimate about the cohesive zone size. Irwin[27]
gave the relationship between the critical energy release
rate and the fracture toughness as
G =
K2IC
E/(1− v2) (10)
for plane strain condition. With G=σmδ0 and KIC =
Qσm
√
πrp, where Q is a geometrical factor, we have an
estimate for the cohesive zone size
rp =
E
σmQ2(1− ν2)π δ 0 (11)
Since Q is unknown for the speciﬁc geometry given
in Fig. 4, we will use an approximation of rp=
Eδ0/10σm. It gives rp=100 and δ0=0.2μm from the
traction-separation curve shown in Fig. 5. The load-
displacement curve obtained from the peeling simula-
tion is shown in Fig. 6. A diﬀerence between the theo-
retical prediction without a cohesive zone and the sim-
ulated result is clearly observed. This diﬀerence is at-
tributed to the presence of the cohesive zone.
We have plotted the traction vs. position from the
crack tip at diﬀerent time sequences, see Fig. 7. The de-
velopment of the cohesive zone is observed. When the
element at the crack tip reaches its critical separation-
to-failure, the size of the cohesive zone will remain al-
most constant as the crack propagates. Note that the
cohesive zone size from our simulation is about one half
of our estimation from Eq. (11). The diﬀerence may
originate from our assumption of the geometric factor
Q in the equation. If we use the cohesive zone size from
the simulation shown in Fig. 7, which is about 0.1μm,
as well as the separation-to-failure used for the inter-
face δ0=2nm (Fig. 5), we have δ0/rp=0.02. This ratio
is consistent with the simulation result shown in Fig. 6,
where δ0/rp ≈0.015. The diﬀerence may originate from
both the assumption that there is a uniform distribu-
tion of traction in the cohesive zone and our approx-
imation to the cohesive zone size of rp=0.1μm. The
evolution of separation vs. position is shown in Fig. 8.
It also conﬁrms that the node at the crack tip reaches
its separation-to-failure.
In conclusion, we have supplied an analysis which
may help to measure the separation-to-failure δ0 in a
Dugdale cohesive zone. It is found that δ0 could be
ampliﬁed by a factor of L/rp in a typical peeling test,
where L is the beam length and rp is the cohesive zone
size. Finite-element simulation also validates the as-
sumption made to derive the ampliﬁed deﬂection. It is
expected that,approaches the second term, e.g. increas-
ing the beam thickness or width, δ0 could be measured
with reasonable accuracy. Since deformation in adher-
ents are assumed to be purely elastic in our analysis,
Eq. (9) may be only valid in the case that the yield
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Fig. 4. The beam-substrate assembly used for ﬁnite element simulation. The unit of the dimension given above is in
micrometers (m) although it could be scaled to other units in a ﬁnite-element simulation.
Fig. 5. The traction-separation low used for the substrate-
coating interface shown in Fig. 4. The traction-separation in
mode I fracture gives an interfacial toughness Γ =40mJ/m2.
The shear resistance to sliding is taken to be a constant
τm=114MPa, and the interface wouldn’t be failed by shear-
ing.
Fig. 6. Load (normalized by F0=3EI/L
2) vs. deﬂection
(normalized by L) for the peeling simulation. The load at
the end corresponding to the critical condition where the
point at the crack front starts to fail. The dotted line is for
the case of no cohesive zone. The distance between the ends
of the two curves is δ0/rp, which is contributed to by the
cohesive zone.
strength of the adherents is much higher than the inter-
facial strength σm. We note that there could be cohesive
laws which have a long tail, for which the cohesive en-
ergy is well deﬁned but not the critical separation.[28,29]
The theory presented here is not suitable for such types
of long tail cohesive laws.
It is conﬁrmed that the critical separation at crack
tip reaches δ0.
Fig. 7. Normal traction (normalized by σm) vs. position
(x/rp) from the crack tip (x=0) at diﬀerent time sequences
keyed in Fig. 6. At the last step, the cohesive zone is fully
developed. There is almost no change of the size of the
cohesive zone for further loading.
Fig. 8. Interfacial separation (normalized by δ0) vs. posi-
tion (normalized by rp) from the crack tip (x=0) at diﬀerent
time sequence keyed in Fig. 6.
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